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1. Introduction
Let n 0 be an integer. The polynomial Dn(x, y) ∈ Z[x, y] deﬁned by
xn + yn = Dn(x+ y, xy)
gives rise to two interesting families of polynomials over ﬁnite ﬁelds. Let Fq denote the ﬁnite ﬁeld
with q elements and ﬁx a ∈ Fq . The polynomial Dn(x,a) ∈ Fq[x] is the well-known Dickson polyno-
mial; Dn(a, x) ∈ Fq[x] is the reversed Dickson polynomial introduced in [1] and more recently in [8].
When a = 0, both polynomials are unimpressive: Dn(x,0) = xn , Dn(0, x) = (1+ (−1)n)(−x)n/2. So we
assume a = 0. It is well known that Dn(x,a) is a permutation polynomial (PP) over Fq if and only if
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Known desirable pairs (pe,n).
p e n Reference
2 2k + 1, (k,2e) = 1 [3,8]
2 22k − 2k + 1, (k,2e) = 1 [9,8]
2 even 2e + 2k + 1, k > 0, (k − 1, e) = 1 [8]
2 5k 28k + 26k + 24k + 22k − 1 [2,8]
3 12 (3
k + 1), (k,2e) = 1 [8]
3 even 3e + 5 [6]
5 12 (5
k + 1), (k,2e) = 1 [4,8]
 3 pk + 1, k 0, pk ≡ 1 (mod 4), ν2(e) ν2(k) [8]
 3 pe + 2, k 0, pe ≡ 1 (mod 3) [8]
 5 3 D3(1, x) = −3x+ 1
(n,q2 −1) = 1; see [10, Theorem 3.2] or [11, Theorem 7.16]. The permutation property of Dn(a, x) was
studied in [1] for even q and in [8] for the general case. It turns out that the permutation property of
the reversed Dickson polynomial is more interesting and much more diﬃcult to describe. It is easy to
see that for a ∈ F∗q , Dn(a, x) is a PP over Fq if and only Dn(1, x) is. We shall call a pair (q,n) desirable
if Dn(1, x) is a PP over Fq . In Table 1 we list all known desirable pairs up to the equivalence deﬁned
below. Several families in Table 1 were obtained from known power almost perfect nonlinear (APN)
functions. For the deﬁnition of APN functions and a connection between reversed Dickson permuta-
tion polynomials and APN functions, see [1] and [8]. Write q = pe where p is a prime. We call two
pairs (q,n1) and (q,n2), where n1 and n2 are positive integers, equivalent if n1 and n2 are in the same
p-cyclotomic coset modulo q2 − 1. It is known that for two equivalent pairs (q,n1) and (q,n2), (q,n1)
is desirable if and only if (q,n2) is desirable [8, Proposition 2.1]. Our computer search shows that for
q  401, all desirable pairs are covered by the families in Table 1 and their equivalents. The ultimate
question, of course, is whether Table 1 (up to equivalence) is a complete list of all desirable pairs. The
answer is not known.
When searching for desirable pairs (q,n), because of the above equivalence, it suﬃces to assume
0  n  q2 − 1. It is obvious that when n = 0 or q2 − 1, Dn(1, x) is not a PP over Fq . (D0(1, x) = 2,
Dq2−1(1, x) ≡ xq−1 + 1 (mod xq − x).) Hence one only has to consider 1 n q2 − 2.
The purpose of the present paper is to investigate necessary conditions for a pair (q,n) to be
desirable. In Section 2 we collect some miscellaneous necessary conditions. In Sections 3 and 4, we
take a more systemic approach. It is well known that a function f :Fq → Fq is bijective if and only if
∑
a∈Fq
f (a)i
{= 0 if 1 i  q − 2,
= 0 if i = q − 1. (1.1)
This is in fact a restatement of Hermite’s criterion. (Note. In (1.1), only
∑
a∈Fq f (a)
i with i ≡ 0 (mod p)
is needed since
∑
a∈Fq f (a)
ip = (∑a∈Fq f (a)i)p .) Therefore we would like to know if ∑a∈Fq Dn(1,a)i
is computable. We are able to compute this sum when q is odd and i = 1,2 and when q is even and
i = 1. These results imply nontrivial necessary conditions for desirable pairs. When computing the
sum
∑
a∈Fq Dn(1,a)
i , the odd q and even q cases require quite different treatments; the two cases are
dealt with in Sections 3 and 4 separately.
2. Miscellaneous results
We ﬁrst observe that when p is odd, a simple substitution transforms the reversed Dickson poly-
nomial Dn(1, x) into a surprisingly explicit form. For n 0, deﬁne
fn(x) =
∑
j0
(
n
2 j
)
x j ∈ Z[x]. (2.1)
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Dn(1, x) =
(
1
2
)n−1
fn(1− 4x). (2.2)
In particular, (pe,n) is desirable if and only if fn(x) is a PP over Fpe .
Proof. Let y = 2x− 1. We have
Dn
(
1, x(1− x))= xn + (1− x)n
=
(
1+ y
2
)n
+
(
1− y
2
)n
=
(
1
2
)n[
(1+ y)n + (1− y)n]
=
(
1
2
)n−1∑
j0
(
n
2 j
)
y2 j
=
(
1
2
)n−1
fn
(
y2
)
=
(
1
2
)n−1
fn
(
1− 4x(1− x)),
which proves (2.2) 
Lemma 2.2. Let  = 0,1 be in some extension of Fq (q odd) and let y = +1−1 . Then y2 ∈ Fq if and only if
q+1 = 1 or q−1 = 1.
Proof. We have
y2 ∈ Fq ⇔
(
 + 1
 − 1
)2q
=
(
 + 1
 − 1
)2
⇔ (q + 1)2( − 1)2 = (q − 1)2( + 1)2.
Note that
(
q + 1)2( − 1)2 − (q − 1)2( + 1)2
= (2q + 1+ 2q)(2 + 1− 2)− (2q + 1− 2q)(2 + 1+ 2)
= 2[(2q + 1)(−2) + 2q(2 + 1)]
= 4[−2q+1 −  + q+2 + q]
= −4(q+1 − 1)(q−1 − 1).
The conclusion follows immediately. 
Now we are ready to prove some necessary conditions for desirable pairs.
Theorem 2.3. Assume that (pe,n) is desirable, where p is an odd prime and n is odd. Then p > 3 and
(n, p2e − 1) = 3.
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1) 3.
Assume to the contrary that (n, p2e − 1) > 3. Let
E = { ∈ F∗p2e :  = 1, (n,pe+1) = 1 or (n,pe−1) = 1}.
Then |E| = (n, pe + 1)+ (n, pe − 1)− 2. Since (n, pe + 1)(n, pe − 1) = (n, p2e − 1) 5, we have |E| 4.
Let 1, 2, 3 ∈ E be distinct and let yi = i+1i−1 , i = 1,2,3. By Lemma 2.2, y2i ∈ Fpe . Note that
yi+1
yi−1 = i .
Thus ( yi+1yi−1 )
n = 1, i.e., (yi + 1)n = (yi − 1)n , i.e., fn(y2i ) = 12 [(1 + yi)n + (1 − yi)n] = 0. Note that y1,
y2, y3 are distinct since
yi+1
yi−1 = i are distinct. Thus at least two of y21, y22, y23 are distinct. So fn is
not a PP over Fpe , which is a contradiction by Proposition 2.1. 
Theorem 2.4. Assume that (pe,2m) is desirable, where p is an odd prime. Then (m, pe − 1) = 1. If pe ≡
−1 (mod 4), we further have (m, p2e − 1) = 1.
Proof. By Proposition 2.1, f2m is a PP over Fpe . Let x0 ∈ Fpe such that f2m(x0) = 0. Then x0 = 0 since
f2m(0) = 1. Since f2m(x) is a self-reciprocal, we have f2m(x−10 ) = 0. Thus x0 = x−10 , i.e., x0 = ±1. Since
f2m(1) =∑ j (2m2 j )= 22m−1 = 0, we must have x0 = −1. Thus
0= f2m(−1) (in Fp)
=
∑
j≡0 (mod 4)
(
2m
j
)
−
∑
j≡2 (mod 4)
(
2m
j
)
= 1
4
[
22m + (1+ i)2m + (1− i)2m]− 1
4
[
22m − (1+ i)2m − (1− i)2m] (by [5, Eq. (5.5)])
= 1
2
[(√
2e
π
4 i
)2m + (√2e− π4 i)2m]
= 2m−1[e mπ2 i + e−mπ2 i].
It follows that m is odd.
Assume to the contrary that (m, pe − 1) = d  3. Let  ∈ F∗pe such that o() = d. Then f2m() =
f2m(−1) but  = −1, which is a contradiction.
Now we prove the last claim. Assume pe ≡ −1 (mod 4). We show that (m, pe + 1) = 1. Assume to
the contrary that (m, pe + 1) 3. Let
E = { ∈ Fp2e : pe+1 = 1, 2m = −1}.
Then
|E| = ∣∣{ ∈ Fp2e : pe+1 = 1, 4m = 1}∣∣− ∣∣{ ∈ Fp2e : pe+1 = 1, 2m = 1}∣∣
= (4m, pe + 1)− (2m, pe + 1)
= 2(m, pe + 1) 6.
Let 1, 2, 3 ∈ E be distinct and let yi = i+1i−1 . Then by the same argument in the proof of Theo-
rem 2.3, we have f2m(y2i ) = 0 for i = 1,2,3 but at least two of y21, y22, y23 are distinct. So f2m is not
a PP over Fpe , which is a contradiction. 
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Theorem 2.5. Assume that (2e,n) is desirable. Then (n,22e − 1) = 3.
Proof. By [8, Proposition 6.1], we have 3 | (n,22e − 1). Assume to the contrary that (n,22e − 1) > 3.
Let
E = { ∈ F∗22e :  = 1, (n,2e+1) = 1 or (n,2e−1) = 1}.
Then |E| = (n,2e + 1) + (n,2e − 1) − 2. Since (n,2e + 1)(n,2e − 1) = (n,22e − 1) 5, we have |E| 4.
Let 1, 2, 3 ∈ E be distinct and let yi = 11+i , i = 1,2,3. By Lemma 2.6 below, yi(1− yi) ∈ F2e . Note
that i = 1−yiyi , so (
1−yi
yi
)n = 1. Thus Dn(1, yi(1 − yi)) = yni + (1 − yi)n = 0, i = 1,2,3. Since y1, y2,
y3 are distinct, at least two of yi(1 − yi), i = 1,2,3, are distinct. Then Dn(1, x) is not a PP over F2e ,
which is a contradiction. 
Lemma 2.6. Let q be any prime power. Let  = 0,−1 be in some extension of Fq and let y = 11+ . Then
y(1− y) ∈ Fq if and only if q+1 = 1 or q−1 = 1.
Proof. The proof is almost identical to that of Lemma 2.2. We have
y(1− y) ∈ Fq ⇔
[

(1+ )2
]q
= 
(1+ )2 ⇔ 
q(1+ )2 = (1+ )2q.
Since q(1+ )2 − (1+ )2q = (q+1 − 1)(q−1 − 1), the lemma is proved. 
If Table 1 is complete, it would follow that all desirable pairs (pe,n) with p > 5 satisfy n ≡ 2 or
3 (mod p − 1). The following ad hoc result is in line with this observation.
Proposition 2.7. Assume that (q,n) is desirable, where q > 5 is odd. Then n ≡ 4 or 5 (mod q − 1).
Proof. Assume to the contrary that n ≡ r (mod q − 1), where r = 4 or 5. Then for all x ∈ Fq ,
Dn(1, x(1 − x)) = xn + (1 − x)n = xr + (1 − x)r = Dr(1, x(1 − x)). Put A = {x(1 − x): x ∈ Fq}. Then
Dn(1, x) = Dr(1, x) for all x ∈ A. We have
Dr(1, x) − Dr(1, y)
x− y =
{
2(x+ y − 2) if r = 4,
5(x+ y − 1) if r = 5.
By Lemma 2.8 below, there exist x, y, x′, y′ ∈ A such that x = y, x′ = y′ , x + y = 2 and x′ + y′ = 1.
Therefore Dr(1, x) is not 1–1 on A, which is a contradiction. 
Lemma 2.8. Let q > 5 be an odd prime power. Let A = {x(1− x): x ∈ Fq} and S = {u + v: u, v ∈ A, u = v}.
Then
S =
{
Fq if q ≡ 1 (mod 4),
Fq \ { 12 } if q ≡ −1 (mod 4).
Proof. First note that for x, y, c ∈ Fq ,
x(1− x) + y(1− y) = c ⇔
(
x− 1
2
)2
+
(
y − 1
2
)2
= 1
2
− c.
Thus, c ∈ S ⇔ 12 − c = x2 + y2 for some x, y ∈ Fq with x2 = y2.
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∣∣∣∣
{
(x, y) ∈ F2q: x2 + y2 =
1
2
− c
}∣∣∣∣= q − η(−1) q − 1> 4,
where η is the quadratic character of Fq . Thus there exist x, y ∈ Fq with x2 = y2 such that x2 + y2 =
1
2 − c. Hence c ∈ S .
Now assume c = 12 . Then c ∈ S ⇔ 0 = x2 + y2 for some x, y ∈ Fq with x2 = y2 ⇔ −1 is a square
in Fq ⇔ q ≡ 1 (mod 4). 
3. Computation of
∑
a∈Fq Dn(1,a)
i , i = 1,2, q odd
Let q = pe , where p is an odd prime, and let n, i be positive integers. By (2.2) we have
∑
a∈Fq
Dn(1,a)
i =
(
1
2
)(n−1)i ∑
a∈Fq
fn(a)
i,
where fn(x) is deﬁned in (2.1). In this section we will determine
∑
a∈Fq fn(a) and
∑
a∈Fq fn(a)
2.
Theorem 3.1. Let 1 n q2 − 2 and write n = α + βq, 0 α,β  q − 1. Then
∑
a∈Fq
fn(a) = −1
2
[(
α + β
q − 1
)
− 2α+β
(
2(q − 1) − α − β
q − 1− α
)]
=
{
− 12 [1− (−1)α] if n ≡ 0 (mod q − 1),
2α+β−1
(2(q−1)−α−β
q−1−α
)
if n ≡ 0 (mod q − 1). (3.1)
Proof. By (2.1) we have
−
∑
a∈Fq
fn(a) =
∑
j>0
j≡0 (mod q−1)
(
n
2 j
)
=
∑
k>0
k≡0 (mod 2(q−1))
(
n
k
)
=
∑
0iα,0 jβ
0<i+ jq≡0 (mod 2(q−1))
(
α
i
)(
β
j
)
(k = i + jq). (3.2)
Assume that i, j satisfy the conditions that 0 i  α, 0 j  β , i + jq > 0 and i + jq ≡ 0 (mod 2(q−
1)). If j = 2l, then 0≡ i + 2lq ≡ i + 2l (mod 2(q− 1)). But this is impossible since 0< i + 2l α +β <
2(q−1). So we must have j = 2l+1. Since 0≡ i+ (2l+1)q ≡ i+2l+q (mod 2(q−1)), we must have
i + 2l + q = 2(q − 1), i.e., i = q − 2− 2l. Now the computation in (3.2) continues as
−
∑
a∈Fq
fn(a) =
∑
l0
(
α
q − 2− 2l
)(
β
2l + 1
)
= the coeﬃcient of xq−1 in 1
4
[
(1+ x)α − (1− x)α][(1+ x)β − (1− x)β].
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1
4
[
(1+ x)α − (1− x)α][(1+ x)β − (1− x)β]
= 1
4
[
(1+ x)α+β + (1− x)α+β − (1+ x)α(1− x)β − (1− x)α(1+ x)β],
where (1+ x)α(1− x)β and (1− x)α(1+ x)β have the same coeﬃcient of xq−1. Therefore,
−
∑
a∈Fq
fn(a) = 1
2
[(
α + β
q − 1
)
− the coeﬃcient of xq−1 in (1+ x)α(1− x)β
]
.
The coeﬃcient of xq−1 in (1+ x)α(1− x)β equals
−
∑
a∈Fq
(1+ a)α(1− a)β = −
∑
b∈Fq
bα(2− b)β (b = 1+ a)
= the coeﬃcient of xq−1 in xα(2− x)β
=
(
β
q − 1− α
)
(−1)q−1−α2β−(q−1−α)
= 2α+β
(
2(q − 1) − α − β
q − 1− α
)
.
Hence
−
∑
a∈Fq
fn(a) = 1
2
[(
α + β
q − 1
)
− 2α+β
(
2(q − 1) − α − β
q − 1− α
)]
,
which is the ﬁrst part of (3.1).
If n ≡ 0 (mod q − 1), we must have α + β = q − 1 (since 1 α + βq q2 − 2). Then
∑
a∈Fq
fn(a) = −1
2
[
1− 2q−1
(
q − 1
q − 1− α
)]
= −1
2
[
1− (−1)α].
If n ≡ 0 (mod q − 1), then (α+βq−1)= 0 since α + β < (q − 1)q0 + 1 · q1 and α + β = q − 1. Thus
∑
a∈Fq
fn(a) = 2α+β−1
(
2(q − 1) − α − β
q − 1− α
)
.
The proof of (3.1) is now complete. 
We now turn to
∑
a∈Fq fn(a)
2 which requires little additional effort. We have
fn
(
x2
)2 = (1
2
[
(1+ x)n + (1− x)n])2
= 1
4
[
(1+ x)2n + (1− x)2n + 2(1− x2)n]
= 1 [ f2n(x2)+ (1− x2)n].
2
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fn(x)
2 = 1
2
[
f2n(x) + (1− x)n
]
. (3.3)
Theorem 3.2. Let 1  n  q2 − 2 and write 2n ≡ γ + δq (mod q2 − 1), where 0  γ , δ  q − 1 and γ +
δq > 0. Then
∑
a∈Fq
fn(a)
2 =
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
− 34 if n = q
2−1
2 ,
− 14 [3− (−1)γ ] if n ≡ 0 (mod q − 1) but n = q
2−1
2 ,
− 14 [1− (−1)γ ] if n ≡ 0 (mod q−12 ) but n ≡ 0 (mod q − 1),
2γ+δ−2
(2(q−1)−γ−δ
q−1−γ
)
if n ≡ 0 (mod q−12 ).
(3.4)
Proof. Since 2n ≡ γ +δq (mod q2−1) and 2n > 0, γ +δq > 0, by (2.2) and [8, Proposition 2.1 (iii)], we
have f2n(a) = fγ+δq(a) for all a ∈ Fq . (This also follows directly from the general equation fm(x2) =
1
2 [(1+ x)m + (1− x)m].) Thus by (3.3),
∑
a∈Fq
fn(a)
2 = 1
2
[∑
a∈Fq
fγ+δq(a) +
∑
a∈Fq
an
]
. (3.5)
In the above,
∑
a∈Fq
an =
{−1 if n ≡ 0 (mod q − 1),
0 if n ≡ 0 (mod q − 1). (3.6)
We claim that
∑
a∈Fq
fγ+δq(a) =
⎧⎪⎪⎨
⎪⎪⎩
− 12 if n = q
2−1
2 ,
− 12 [1− (−1)γ ] if n ≡ 0 (mod q−12 ) but n = q
2−1
2 ,
2γ+δ−1
(2(q−1)−γ−δ
q−1−γ
)
if n ≡ 0 (mod q−12 ).
(3.7)
If n = q2−12 , then
fγ+δq(a) = fq2−1(a) =
{ 1
2 if a = 1,
1 if a ∈ Fq \ {1}.
Thus
∑
a∈Fq fγ+δq(a) = 12 + 1 · (q − 1) = − 12 .
If n ≡ 0 (mod q−12 ) but n = q
2−1
2 , then γ +δq ≡ 0 (mod q−1) and γ +δq < q2−1. By Theorem 3.1,∑
a∈Fq fγ+δq(a) = − 12 [1− (−1)γ ].
If n ≡ 0 (mod q−12 ), then γ + δq ≡ 0 (mod q − 1) and γ + δq < q2 − 1. By Theorem 3.1 again,∑
a∈Fq fγ+δq(a) = 2γ+δ−1
(2(q−1)−γ−δ
q−1−γ
)
.
Now (3.4) follows from (3.5)–(3.7). 
Corollary 3.3. Assume that (q,n) is desirable where q is odd, q > 7 and 1  n  q2 − 2. Write n = α + βq,
where 0  α,β  q − 1. Then the sum (q − 1 − α) + (q − 1 − β) has carry in base p. Moreover, write
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also has carry in base p.
Proof. By Theorems 2.3 and 2.4, we have (n,q − 1)  3. Since q > 7, we have n ≡ 0 (mod q−12 ).
Since
∑
a∈Fq fn(a) = 0 and
∑
a∈Fq fn(a)
2 = 0, by (3.1) and (3.4) we have (2(q−1)−α−βq−1−α ) = 0 and(2(q−1)−γ−δ
q−1−γ
)= 0, i.e., both sums (q − 1− α) + (q − 1+ β) and (q − 1− γ ) + (q − 1− δ) have carry in
base p. 
Note. In Corollary 3.3,
(γ , δ) =
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(2α,2β) if α  q−12 , β 
q−1
2 ,
(2α − q,2β + 1) if α > q−12 , β < q−12 ,
(2α − q + 1,0) if α > q−12 , β = q−12 ,
(2α + 1,2β − q) if α < q−12 , β > q−12 ,
(0,2β − q + 1) if α = q−12 , β > q−12 ,
(2α − q + 1,2β − q + 1) if α > q−12 , β > q−12 .
To end this section, we brieﬂy comment on the next sum
∑
a∈Fq fn(a)
3. Similar to (3.3), we have
fn(x)
3 = 1
4
[
f3n(x) + 3(1− x)n fn(x)
]
. (3.8)
Hence
∑
a∈Fq
fn(a)
3 = 1
4
[∑
a∈Fq
f3n(a) + 3
∑
a∈Fq
(1− a)n fn(a)
]
.
It would be interesting to know if the sum
∑
a∈Fq (1− a)n fn(a) can be explicitly determined.
4. Computation of
∑
a∈Fq Dn(1,a), q even
4.1. A generating function
In this subsection q is not necessarily even. Put dn = Dn(1, x). Since
{d0 = 2,
d1 = 1,
dn+2 = dn+1 − xdn, n 0
(cf. [10, Lemma 2.3]), we have
∑
n0
dnt
n = 2− t
1− t + xt2 .
From here we have
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n0
dnt
n = 2− t
1− t ·
1
1− t2t−1 x
= 2− t
1− t
∑
k0
(
t2
t − 1
)k
xk
= 2− t
1− t
[
1+
q−1∑
k=1
∑
l0
(
t2
t − 1
)k+l(q−1)
xk+l(q−1)
]
≡ 2− t
1− t
[
1+
q−1∑
k=1
∑
l0
(
t2
t − 1
)k+l(q−1)
xk
] (
mod xq − x)
= 2− t
1− t
[
1+
q−1∑
k=1
( t
2
t−1 )
k
1− ( t2t−1 )q−1
xk
]
= 2− t
1− t
[
1+
q−1∑
k=1
(t − 1)q−1−kt2k
(t − 1)q−1 − t2(q−1) x
k
]
. (4.1)
On the other hand, since dn1 ≡ dn2 (mod xq − x) when n1,n2 > 0 and n1 ≡ n2 (mod q2 − 1), we have
∑
n0
dnt
n = 2+
q2−1∑
n=1
∑
l0
dn+l(q2−1)tn+l(q
2−1)
≡ 2+
q2−1∑
n=1
dn
∑
l0
tn+l(q2−1)
(
mod xq − x)
= 2+ 1
1− tq2−1
q2−1∑
n=1
dnt
n. (4.2)
Combining (4.1) and (4.2), we have
q2−1∑
n=1
dnt
n ≡ (1− tq2−1)[−2+ 2− t
1− t
]
+ (1− tq2−1)2− t
1− t
q−1∑
k=1
(t − 1)q−1−kt2k
(t − 1)q−1 − t2(q−1) x
k (mod xq − x)
= t(t
q2−1 − 1)
t − 1 + h(t)
q−1∑
k=1
(t − 1)q−1−kt2kxk, (4.3)
where
h(t) = (t − 2)(t
q2−1 − 1)
2(q−1) q =
(t − 2)(tq2−1 − 1)
q−1 q q−1 . (4.4)t (t − 1) − (t − 1) (t − 1)(t − t − 1)
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q2−1∑
n=1
(∑
a∈Fq
dn(a)
)
tn = h(t)
q−1∑
k=1
(t − 1)q−1−kt2k
∑
a∈Fq
ak = −t2(q−1)h(t). (4.5)
From (4.5) follow two facts: First, t2(q−1)h(t) ∈ Fp[t]. Since the denominator in h(t) is relatively prime
to t , this means h(t) ∈ Fp[t]. Second, and more importantly, for 1 n q2 − 1,
∑
a∈Fq
dn(a) = the coeﬃcient of tn in − t2(q−1)h(t). (4.6)
So the question is to determine the coeﬃcients of h(t). For odd q, this has been done (indirectly) since∑
a∈Fq dn(a) has been determined in Section 3. For even q, we are able to compute the coeﬃcients
of h(t) directly.
4.2. Computation of h(t) for even q
Let q be even. Then h(t) = tu(t), where
u(t) = t
q2−1 − 1
(tq−1 − 1)(tq − tq−1 − 1) .
Write
u(t) =
q2−2q∑
i=0
ait
q2−2q−i ∈ F2[t]. (4.7)
Proposition 4.1. For 0 i  q2 − 2q, write i = α + βq, 0 α,β  q − 1. Then
ai =
{(α+β
α
)
if α + β  q − 2,
0 if α + β  q − 1.
Proof. We have
q2−2q∑
i=0
ait
i = tq2−2qu
(
1
t
)
= t
q2−1 − 1
(tq−1 − 1)(tq − t − 1) (since q is even)
=
∏
a∈Fq\F2
(
tq + t + a).
Thus
aα+βq =
(
α + β
α
) ∑
S⊂Fq\F2
|S|=q−2−(α+β)
∏
a∈S
a.
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∑
S⊂Fq\F2
|S|=q−2−(α+β)
∏
a∈S
a = the coeﬃcient of xα+β in
∏
a∈Fq\F2
(x− a)
= 1,
since
∏
a∈Fq\F2 (x− a) = x
q−x
x2−x = 1+ x+ · · · + xq−2. Thus aα+βq =
(α+β
α
)
. 
Theorem 4.2. Let q be a power of 2 and let 1 n q2 − 1. Write n = α + βq, 0 α,β  q − 1. Then
∑
a∈Fq
Dn(1,a) =
{(2(q−1)−α−β
q−1−α
)
if α + β  q,
0 if α + β < q. (4.8)
Proof. By (4.6),
∑
a∈Fq
Dn(1,a) = the coeﬃcient of tn in t2q−1u(t)
= aq2−1−n
(
by (4.7)
)
.
Note that q2 − 1− n = (q − 1− α) + (q − 1− β)q, where 0 q − 1 − α, q − 1− β  q − 1. Therefore
the conclusion follows from Proposition 4.1. 
Corollary 4.3. Assume that (q,n) is desirable, where q is even, q > 4, and 1 n q2 − 2. Write n = α + βq,
0 α,β  q − 1. Then the sum (q − 1− α) + (q − 1− β) has carry in base 2.
Proof. If α + β < q − 1, then (q − 1 − α) + (q − 1 − β) > q − 1, so the sum (q − 1 − α) + (q −
1 − β) has carry in base 2. If α + β = q − 1, then n ≡ 0 (mod q − 1). By Theorem 2.5, we have
3 = (n,q2 − 1) q − 1, which is impossible. If α + β  q, by Theorem 4.2, (2(q−1)−α−βq−1−α )= 0, i.e., the
sum (q − 1− α) + (q − 1− β) has carry in base 2. 
As for the next sum,
∑
a∈Fq Dn(1,a)
3, the situation is similar to the odd q case. Actually, in Z[x],
we have
Dn(1, x)
3 = D3n(1, x) + 3xnDn(1, x).
However, the evaluation of
∑
a∈Fq a
nDn(1,a) is more diﬃcult; this problem has been solved by the
ﬁrst author recently [7].
4.3. A ﬁnal remark on
∑
a∈Fq Dn(1,a)
It follows from Waring’s formula [11, Theorem 1.76] that
Dn(1, x) =
n/2∑ n
n − i
(
n − i
i
)
(−x)i . (4.9)i=0
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∑
a∈Fq
Dn(1,a) = −
∑
0<in/2
i≡0 (mod q−1)
n
n − i
(
n − i
i
)
. (4.10)
It would be interesting to know if the formulas of
∑
a∈Fq Dn(1,a) in the present paper (Theorems 3.1
and 4.2) can be obtained from the right side of (4.10).
References
[1] J.F. Dillon, Geometry, codes and difference sets: exceptional connections, in: Codes and Designs, Columbus, OH, 2000, in:
Ohio State Univ. Math. Res. Inst. Publ., vol. 10, de Gruyter, Berlin, 2002, pp. 73–85.
[2] H. Dobbertin, Almost perfect nonlinear power functions on GF(2n): a new case for n divisible by 5, in: Finite Fields and
Applications, Springer, Berlin, 2001, pp. 113–121.
[3] R. Gold, Maximal recursive sequences with 3-valued recursive crosscorrelation functions, IEEE Trans. Inform. Theory 14
(1968) 154–156.
[4] T. Helleseth, C. Rong, D. Sandberg, New families of almost perfect nonlinear power mappings, IEEE Trans. Inform. Theory 45
(1999) 474–485.
[5] X. Hou, On the asymptotic number of inequivalent binary self-dual codes, J. Combin. Theory Ser. A 114 (2007) 522–544.
[6] X. Hou, Two classes of permutation polynomials over ﬁnite ﬁelds, J. Combin. Theory Ser. A, available online 18 February
2010.
[7] X. Hou, Third power of the reversed Dickson polynomial over ﬁnite ﬁelds, preprint.
[8] X. Hou, G.L. Mullen, J.A. Sellers, J. Yucas, Reversed Dickson polynomials over ﬁnite ﬁelds, Finite Fields Appl. 15 (2009)
748–773.
[9] T. Kasami, The weight enumerators for several classes of subcodes of the second order binary Reed–Muller codes, Inform.
and Control 18 (1971) 369–394.
[10] R. Lidl, G.L. Mullen, G. Turnwald, Dickson Polynomials, Longman Scientiﬁc and Technical, Essex, United Kingdom, 1993.
[11] R. Lidl, H. Niederreiter, Finite Fields, second ed., Cambridge Univ. Press, Cambridge, 1997.
